Abstract. A symplectic bundle over an algebraic curve has a natural invariant sLag determined by the maximal degree of its Lagrangian subbundles. This can be viewed as a generalization of the classical Segre invariants of a vector bundle. We give a sharp upper bound on sLag which is analogous to the Hirschowitz bound on the classical Segre invariants. Furthermore, we study the stratifications induced by sLag on moduli spaces of symplectic bundles, and get a full picture for the case of rank four.
Introduction
Let X be a smooth projective curve of genus g ≥ 2 over C. Let G be a connected reductive algebraic group over C, and P ⊂ G a parabolic subgroup. Given a G-bundle V over X, we have an associated G/P -bundle π : V /P → X. For a section σ of π, consider the normal bundle N σ over σ(X) ∼ = X in V /P . We define It is easy to show that s(V ; P ) > −∞; see Holla-Narasimhan [9, Lemma 2.1] . A section σ is called a minimal section of V if deg N σ = s(V ; P ). According to Ramanathan [18, Definition 2.13], V is a semistable G-bundle if and only if s(V ; P ) ≥ 0 for every maximal parabolic subgroup P of G. In general, it can be said that the invariant s(V ; P ) measures the degree of stability of V with respect to P . The invariant s(−, P ) is a lower semicontinuous function on any parameter space of G-bundles over X, so defines a stratification on the moduli space of semistable G-bundles over X.
The geometry of this stratification has been extensively studied in the case G = GL n . To review some of the results, first note that a topologically trivial GL n -bundle V is nothing but a vector bundle of rank n and degree zero, which we also denote V . For each 1 ≤ r ≤ n − 1, there is a maximal parabolic subgroup P r of GL n which is unique up to conjugation. A section σ of the associated Grassmannian bundle V /P r gives a rank r subbundle E of V , Note that when G = GL n , this coincides with the Mukai-Sakai bound discussed above, which is not sharp. As in the vector bundle case, the invariant s(V ; P ) induces a stratification on the moduli space of semistable principal G-bundles over X.
In this paper, we study the geometry of the stratification when G = Sp n . A vector bundle W is symplectic if there exists a nondegenerate bilinear alternating form ω : W ⊗ W → O X .
Such a bundle always has even rank 2n. It is easy to see that a vector bundle of rank 2n is symplectic if and only if the associated principal GL 2n -bundle admits a reduction of structure group to Sp n . A subbundle E of W is called isotropic if ω| E⊗E = 0. By linear algebra, the rank of an isotropic subbundle is at most n, and an isotropic subbundle of rank n is called a Lagrangian subbundle. A Lagrangian subbundle of W corresponds to a section of the associated Sp n /P -bundle W/P , where P is the maximal parabolic subgroup of Sp n preserving a fixed Lagrangian subspace of C 2n . Let us abbreviate s(W ; P ) to s Lag (W ), where the lower case indicates "Lagrangian". Since Sp n /P is none other than the Lagrangian Grassmannian, the normal bundle of a section is given by Sym 2 E * . Recall According to the bound (1.1), we get (1.2) s Lag (W ) ≤ n(n + 1) 2 g.
In other words, every symplectic bundle W admits a Lagrangian subbundle of degree at least − n 2 g. One may compare this with the Hirschowitz bound on the n-th Segre invariant s n , which says that as a vector bundle, W admits a subbundle of half rank with degree at least − n 2 (g − 1) . We prove that this slightly nicer bound is still valid for symplectic bundles. where 0 ≤ ε ≤ 1 is such that n(g − 1) + ε is even. This bound is sharp in the sense that the equality holds for a general bundle W in the moduli space M 2n of semistable symplectic bundles of rank 2n over X.
Next, consider the stratification on M 2n given by the invariant s Lag . For each k > 0, let
By semicontinuity, M k 2n is a closed subvariety of M 2n and s Lag induces a stratification on M 2n . In particular when n = 1, since Sp 1 is isomorphic to SL 2 , this reduces to the stratification already studied on the moduli space SU(2, O X ) of semistable bundles of rank two with trivial determinant. We prove the following result on the stratification on the moduli space M 4 of semistable rank four symplectic bundles over X. Note that M g−1 4
is the whole space M 4 by Theorem 1.4. Theorem 1.5. For each e with 1 ≤ e ≤ g − 1, the locus M e 4 is an irreducible closed subvariety of M 4 of dimension 7(g − 1) + 3e.
In the case of genus two, this was proven in [8] . The key ingredient of the proof there was a symplectic version of Lange and Narasimhan's description [14] of the Segre invariant using secant varieties (also see [3] for a higher rank version in the case of vector bundles).
In this paper, we generalize the method and results of [8] to the case of arbitrary genus. We will see an interesting variation of Lange and Narasimhan's picture in the case of symplectic bundles: a relation between the invariant s Lag and the higher secant varieties of certain fiber bundles over X. This paper is organized as follows. In §2, we provide the basic setup for our discussion.
In particular, a relation between the higher secant varieties and the Segre invariants will be established in Theorem 2.9. In §3, we prove Theorem 1.4 using this relation combined with the Terracini Lemma. In §4, we study symplectic bundles of rank four in more detail.
We will see that the relation discussed in §2 can be improved to yield a nice picture in this case (Theorem 4.3). This enables us to prove Theorem 1.5. Finally a remark will be given on the comparison between the two stratifications defined by s 2 and s Lag .
To streamline the arguments, the proofs of two propositions will be postponed to §5; namely, the irreducibility of certain spaces of principal parts, and a variant of Hirschowitz' lemma.
Throughout this paper, we work over the field C of complex numbers.
Symplectic extensions and lifting criteria
In this section, we establish basic results on symplectic extensions for our further discussions.
2.1. Symplectic extensions. Let W → X be a symplectic bundle and E ⊂ W a subbundle. There is a natural short exact sequence
where E ⊥ is the orthogonal complement of E with respect to the symplectic form on W .
If E is a Lagrangian subbundle of W , then E = E ⊥ and we get a class
Note that we have the decomposition Proof. Due to S. Ramanan; see [7, §2] for a proof.
2.2.
Cohomological criterion for lifting. Henceforth, an extension 0 → E → W → E * → 0 will be called symplectic if W admits a symplectic structure with respect to which the subbundle E is Lagrangian. By Lemma 2.1, this is equivalent to the condition
We recall the notion of a bundle-valued principal part (see Kempf [11] for corresponding results on line bundles). For any bundle V over X, we have an exact sequence of
where Rat(V ) is the sheaf of rational sections of V and Prin(V ) the sheaf of principal parts with values in V . We denote their groups of global sections by Rat(V ) and Prin(V )
respectively. The sheaves Rat(V ) and Prin(V ) are flasque, so we have the cohomology
We denote s the principal part of s ∈ Rat(V ), and we write [p] for the class in
which is far from unique in general.
Now consider an extension of vector bundles
and an elementary transformation F of E * defined by the sequence 2.3. Subvarieties of the extension spaces. Let V be a vector bundle with h 1 (X, V ) = 0.
We describe a rational map of the scroll PV into the projective space PH 1 (X, V ). Let π : PV → X be the projection. We have the following sequence of identifications:
Hence via the linear system |π * K X ⊗ O PV (1)|, we have a map ϕ : PV PH 1 (X, V ). For
Also for V = Sym 2 E, we get a map
which is nothing but the restriction of ϕ to PSym 2 E. If v ∈ V is nonzero, we will abuse notation and let v also denote the point of PE corresponding to the vector v. By restricting ϕ further to the subvariety PE ⊂ PSym 2 E embedded by the map v → v ⊗ v, we get
Now we give another way to define ϕ and ψ, which will be convenient in what follows. For each x ∈ X, we have an exact sequence of sheaves
which is a subsequence of (2.1). Taking global sections, we obtain
The restriction of ϕ to the fiber PV | x is identified with the projectivized coboundary map ∂ in (2.4). In view of (2.2), it can be identified with the map taking v ∈ PV to the cohomology class of a V -valued principal part supported at x with a simple pole in the direction of v.
Similarly, ψ can be identified with the map taking v ∈ E| x to the cohomology class of a Sym 2 E-valued principal part supported at x with a simple pole along v ⊗ v.
Lemma 2.3. Consider the above rational maps ϕ and ψ for a vector bundle E.
(1) The map ϕ is an embedding if E is stable and µ(E) ≤ −1.
(2) If E is stable with µ(E) ≤ −1/2 then ϕ is base-point free.
. One can easily see that ϕ is base point free if H 0 (X, V (x)) = 0 for all x ∈ X, and an embedding if
Since E is stable, so is E * , and the condition µ(E) ≤ −1 implies that
If there were a nonzero map α : E * → E(D) for some D ∈ Sym 2 X, then we would have
which is a contradiction. Thus H 0 (X, Hom(E * , E(D))) = 0.
(2) The same argument as above shows that if E is stable and µ(E) ≤ −1/2, then H 0 (X, V (x)) = 0 for all x ∈ X. Therefore, in this case ϕ is base-point free.
(3) By (1), ϕ is an embedding for d < −1. Now suppose d = −1. By (2), we know that ϕ is base-point free, and hence so is ψ.
To show that ψ is an embedding, it suffices to show that for any x, y ∈ X,
• No two principal parts of the form e ⊗ e z and f ⊗ f w are identified in H 1 (X, Sym 2 E) for any nonzero e ∈ E| x and f ∈ E| y , where z and w are local coordinates at x and y respectively, and
• the principal part e ⊗ e z 2 is not cohomologically zero for any nonzero e ∈ E| x .
The first statement is equivalent to saying that there does not exist a symmetric map
with principal part equal to e ⊗ e z − f ⊗ f w .
First assume that α is generically injective. Note that any such α has rank one at x and y. Hence the non-zero section det(α) of the line bundle
vanishes at x and y.
a general E ∈ U (2, −1) does not have this property.
Next, assume that α is of generic rank 1. Then α factorizes as
for some rank 1 sheaf M of degree m. The surjection E * → M and the injection M → E(x + y) imply that E admits a line subbundle of degree at least
This shows that E is not general in U (2, −1) for g ≥ 3 by a known property of the Segre invariant of E, which is analogous to Proposition 1.1: For a rank 2 bundle E of degree d,
where L runs through all the line subbundles of E. Then by Lange-Narasimhan [14,
). This in particular shows that for g ≥ 3, a general E ∈ U (2, −1)
does not admit a line subbundle of degree ≥ −1.
Hence we conclude that there is no such symmetric map α. This proves the first statement. The second statement can be proven by a similar argument with x = y.
2.4.
Geometric criterion for lifting. Firstly we adapt some ideas from [3, §3] to the present situation.
Definition 2.4. Let V → X be a vector bundle. Then an elementary transformation
The word "general" is justified as follows. As in [3, §3] , one can consider a parameter Definition 2.6. For each x ∈ X, we denote ∆| x the projectivization of the set of all rank one linear maps E * | x → E| x . The union of all the ∆| x is a fiber bundle ∆ inside the scroll P(E ⊗ E), which we call the decomposable locus. We will also use the fiber subbundle of ∆ given as the image of the Veronese embedding PE ֒→ P(E ⊗ E).
Now we will consider a bundle E → X of rank n which satisfies either condition (1) or the condition (3) in Lemma 2.3 so that either
is an embedding. Consider the following diagram:
If ψ is an embedding, the composition of the two maps in the bottom row is an inclusion, whereas if ϕ is an embedding, all the arrows are inclusions.
Lemma 2.7. Consider a bundle W fitting into a nontrivial symplectic extension of E * by E with class δ(W ) ∈ PH 1 (X, Sym 2 E).
(1) If W admits an isotropic lifting of an elementary transformation F of E * with 
Proof. 
First assume that F is a general elementary transformation so that p is a linear combination of k symmetric principal parts p 1 , . . . , p k supported at distinct points x 1 , . . . , x k , with (2.6)
on the secant plane spanned by k distinct points of PE, in other words, δ(W ) ∈ Sec k (PE).
The proof of (1) will be completed by taking limit, once we know the irreducibility of the space of symmetric principal parts defining elementary transformations of degree deg E * −k.
The detailed proof of this rather obvious-looking fact will be given in §5.1.
To show (2), suppose δ(W ) lies on a secant plane spanned by k general points of PE.
This means that δ(W ) can be defined by a linear combination p = λ i p i of at most k symmetric principal parts p i supported at distinct points, where p i ∈ PE| x i . By Lemma 2.2 (2), the kernel of p : E * → Prin(E) lifts to W isotropically. Also, Ker(p) is a general elementary transformation of E * whose degree is at least deg E * − k.
From the above discussion, we obtain:
Proof. By Lemma 2.7 (2), if δ(W ) is a general point of Sec k PE, then there is some ele-
Hence by definition, s Lag (W ) ≤ (n + 1)(k + deg E). By the semicontinuity of the invariant s Lag , this inequality still holds for any W with δ(W ) ∈ Sec k PE. 
is not necessarily isotropic. We will return to this phenomenon in §4.3.
(2) One can ask if the converse holds in Theorem 2.9. This is a subtle question. Certainly the condition s Lag (W ) ≤ (n + 1)(k + deg E) implies that W admits an isotropic subbundle F of rank n and degree ≥ deg E * − k. But in general F need not come from an elementary transformation of E * , due to the possible existence of the diagram of the form (2.7)
where rk(G) ≥ 1. In other words, for n > 1, it can happen that a maximal Lagrangian subbundle of W may intersect E in a nonzero subsheaf. But in §4.1, we will show that this kind of diagram appears only in a restricted way for n = 2.
Upper bound on s Lag
One can easily see that the invariant s Lag has no lower bound by considering, for instance, a decomposable bundle E ⊕ E * where E is a bundle of arbitrarily large degree. In this section, we prove Theorem 1.4 which gives us the sharp upper bound on s Lag .
In [3] , the Hirschowitz bound in Proposition 1.1 was reproved using the relation between the invariant s r and the geometry of the higher secant varieties of the ruled varieties in the extension spaces. We would like to adapt the same idea to the case of symplectic bundles by applying the results in the previous section. We begin with the following observation. with h 0 (X, Sym 2 E) = 0. We claim that E 0 belongs to S • : Indeed, a nonzero map E * 0 → E 0 would induce an endomorphism of W given by composition W 0 → E * 0 → E 0 → W 0 . This is clearly nonzero and nilpotent. But this contradicts the stability of W .
The associated projective bundle P(R 1 q * (Sym 2 E)| S • ) over S • will be denoted π : P → S • .
By Lange [13, Corollary 4.5] , there is an exact sequence of bundles over P × X:
where p : P × X → P is the projection, with the property that for each δ in the fiber
) in P , the restriction W| {δ}×X is isomorphic to the symplectic extension of E * by E defined by δ. From the construction of S • , a general point of P corresponds to a symplectic bundle admitting a Lagrangian subbundle which is general as a vector bundle.
Finally we check that deg(E) =: −e ≤ − 1 2 n(g − 1). From the above argument, the dimension of the space of symplectic bundles admitting a Lagrangian subbundle of degree −e is bounded above by dim U (n, −e) + h 1 (X, Sym
Since this should be at least dim M 2n = n(2n + 1)(g − 1), we obtain e ≥ n(g−1) 2 .
To prove Theorem 1.4, it suffices to show that a general W ∈ M 2n has a Lagrangian subbundle of degree at least − 1 2 n(g − 1) . By Lemma 3.1, we know that W has a Lagrangian subbundle E which is general in U (n, −e).
By Lemma 2.3 (1), we may assume the map ϕ : P(E ⊗ E) → PH 1 (X, E ⊗ E) is an embedding for sufficiently large e. Consider its restriction ψ : PE → P := PH 1 (X, Sym 2 E).
By Theorem 2.9, if the class δ(W ) ∈ P belongs to the subvariety Sec k PE, then W has a Lagrangian subbundle of degree at least e − k. For the moment, suppose that PE has no secant defect in P so that for each k ≥ 1, we have
By straightforward computation, Sec
. This implies that W has a Lagrangian subbundle of degree at least − 1 2 n(g − 1) , as was desired. Hence the proof will be completed once we show the following. Proposition 3.2. For a general bundle E ∈ U (n, −e), e ≫ 0, the subvariety PE of P := PH 1 (X, Sym 2 E) has no secant defect.
The rest of this section is devoted to the proof of Proposition 3.2. First we recall the Terracini Lemma [21]:
Lemma 3.3. Let Z ⊂ P N be a projective variety and let z 1 , . . . , z k be general points of Z.
To apply the Terracini Lemma, let us find a description of the embedded tangent spaces of PE ⊂ P. Let v be a nonzero vector of E| x , and consider the elementary transformation 0 → E →Ê → C x → 0 such that the kernel of E| x →Ê| x is spanned by v. Consider the induced elementary transformation
where τ is a torsion sheaf of degree (n + 1).
Lemma 3.4. For a general bundle E ∈ U (n, −e), with e ≫ 0, the embedded tangent space to PE at v in P is given by
Proof. Recall that ∆ is the subvariety of P(E ⊗ E) ⊂ PH 1 (X, E ⊗ E) consisting of decomposable vectors. We have the commutative diagram (3.1)
where the vertical arrows are inclusions. By [3, Lemma 5.3], the embedded tangent space of ∆ at v ⊗ v in PH 1 (X, E ⊗ E) is given by T v⊗v ∆ = P(Kerf ). From the inclusion PE ⊂ ∆ and the above diagram (3.1), we get
Thus it suffices to show that PKer(g) has dimension n = dim PE. Since E is general, we may assumeÊ is stable. Then Sym 2 E and Sym 2Ê are semistable of negative degree, so they have no nonzero sections. Thus Ker(g) has dimension
as desired.
Proof of Proposition 3.2. Let F be the general elementary transformation of E associated
to the points v 1 , . . . , v k ∈ PE. In other words, F fits into an exact sequence
for k distinct points x 1 , . . . , x k such that v i lies over x i . For each i, let E i be the intermediate sheaf (E ⊂ E i ⊂ F ) defined by the elementary transformation associated to the v i :
By the Terracini Lemma and Lemma 3.4, we see that the dimension of the embedded tangent space of PE ⊂ P at v i is given by the dimension of the linear span of the union of
Since F is precisely the intersection of all the E i inside E, the linear span of the spaces (3.3) coincides with
Thus now it remains to show dim Ker H 1 (X, Sym 2 E) → H 1 (X, Sym 2 F ) = min{k(n + 1), (n + 1)e + 1 2 n(n + 1)(g − 1)}.
From the vanishing of H 0 (X, Sym 2 E), one checks that the left hand side equals k(n + 1) − h 0 (X, Sym 2 F ). Since F is obtained from a general elementary transformation of a general bundle E, it is a general element of U (n, −e + k). Hence the required equality follows from the result on dim H 0 (X, Sym 2 F ) which will be discussed in Lemma 5.3 and Corollary 5.5 in §5.2. 
, and conversely. Arguing as above, one can show that W admits a Lagrangian subbundle of degree at least −
Geometry of the strata in rank four
In this section, we prove Theorem 1.5 on the geometry of the strata on M 4 . For the case of genus 2, it has already been proven in [8] . Throughout this section, we assume g ≥ 3.
4.1. Symplectic extensions of rank four. First we study more details on symplectic extensions of rank four. The goal is to prove the converse of the statement in Theorem 2.9 in the case of rank four. As was mentioned in Remark 2.10(2), we need to know how often diagrams of the form (2.7) appear.
For e ∈ {1, 2, . . . , g − 1}, let E → X be a vector bundle of rank two and degree −e.
Assume that E is general, so g − 1 ≤ s 1 (E) ≤ g as was remarked in (2.5). Equivalently, assume that any line subbundle of E has degree at most From this, we get a nice geometric criterion on lifting which improves Theorem 2.9 in the case of rank 4. Recall the embedding criteria on ψ of Lemma 2.3 (3), confirming that for g ≥ 3 and for a general bundle E ∈ U (2, −e) with e > 0, the map ψ :
is an embedding. Hence in this case, we get a surface ψ(PE) ∼ = PE inside PH 1 (X, Sym 2 E). (1) W admits an isotropic lifting of an elementary transformation F of E * with deg F ≥ e − k.
Proof. The implications (1) ⇒ (2) and (2) ⇒ (3) were already shown in Lemma 2.7 (1) and Theorem 2.9 respectively. The implication (3) ⇒ (1) can be readily seen as follows.
The condition s Lag (W ) ≤ (n + 1)(k − e) implies that W admits a Lagrangian subbundle F of degree at least e − k. By Corollary 4.2, if deg E = −e < e − k ≤ deg F , then F comes from an elementary transformation of E * .
4.2.
Stratification on M 4 . For any positive integer e, let U (2, −e) s be the moduli space of stable bundles over X of rank 2 and degree −e. According to Narasimhan and Ramanan [17, Proposition 2.4], there exist a finiteétale cover π e :Ũ e → U (2, −e) s and a bundle E e →Ũ e × X with the property that E e | {E}×X ∼ = π e (E) for all E ∈Ũ e (for odd e, we can take π e to be the identity map since U (2, −e) is a fine moduli space).
Now by Riemann-Roch and semistability, for each E ∈ U (2, −e) s , we have dim
Therefore, the sheaf R 1 p * Sym 2 (E e ) is locally free of rank 3(e + g − 1) onŨ e . Consider its projectivization µ : P e →Ũ e .
Now we have a diagram
We write r : P e × X → P e for the projection. By Lange [13, Corollary 4.5] , there is an exact sequence of vector bundles
over P e ×X, with the property that for δ ∈ P e with µ(δ) = E, the restriction of W e to {δ}×X is isomorphic to the symplectic extension of E * by E defined by δ ∈ PH 1 (X, Sym 2 E).
There arises a basic question regarding these extension spaces: Is a bundle W corresponding to a general point δ ∈ PH 1 (X, Sym 2 E) stable, if E is taken to be general? (The same question for the vector bundles was answered affirmatively by Brambila-Paz and Lange [2] , and Russo and Teixidor i Bigas [19] .) The machinery obtained in the previous subsection enables us to answer this question. This shows the above statement for e = g − 1.
Now assume 1 ≤ e < g − 1. Let W be a symplectic bundle corresponding to a general point of PH 1 (X, Sym 2 E). Consider any line subbundle L of W . If L is contained in the subbundle E, then deg(L) < 0 by the stability of E. Otherwise L would yield an invertible
by generality of E. Therefore, any line subbundle of W has negative degree. Since symplectic bundles are self-dual, the same holds for subbundles of rank three. is irreducible of dimension 10(g − 1). Moreover, the fact that a general symplectic bundle W satisfies s Lag (W ) = 3(g − 1) implies that
, so γ g−1 must be generically finite.
In general, it is clear that the image of γ e lands on the stratum M e 4 . Since the source P e is irreducible, so is the image of γ e . Now we show that it is dense in M e 4 . Any W in M e unstable. But every such E is contained in an irreducible family of bundles whose general member is a stable bundle in U (2, −e). This shows that M e 4 is the closure of the image of γ e . In particular, M e 4 is irreducible for each e. Now assume 1 ≤ e ≤ g − 2 and consider a point of P e , that is, a symplectic extension
where E ∈ U (2, −e) s is general, so s 1 (E) ≥ g − 
Thus an extension represented by a general point of P e | E contains no Lagrangian subbundle of degree ≥ −e apart from E itself. This implies that a general symplectic bundle in M e 4 has a unique maximal Lagrangian subbundle. In other words, W is represented only in the fibers of P e →Ũ e over the finite subset π −1 e (E) for theétale cover π e :Ũ e → U (2, −e) s . Moreover, there is only one extension class in PH 1 (X, Sym 2 E) whose associated bundle is isomorphic to W .
This shows that γ e is generically finite onto its image, of degree equal to that of π e . In particular, for odd e ≤ g − 2, γ e is generically injective since π e is the identity map, and so M e 4 is birationally equivalent to the fibration P e over U (2, −e) s . Also, for all e we obtain dim M e 4 = dim P e = 7(g − 1) + 3e. given by s n and s Lag . We will focus on the rank four case.
Suppose X has genus g ≥ 4. Let F 1 and F 2 be a pair of mutually nonisomorphic stable bundles of rank two and trivial determinant. The direct sum W := F 1 ⊕ F 2 is a symplectic bundle with s 2 (W ) = 0 and s Lag (W ) > 0. We will now use Lemma 2.7 and Remark 2.8 to illuminate this phenomenon.
Let E be a general bundle of rank two and determinant O X (−x) for some point x ∈ X.
The constant function 1 defines a global rational section α of det(E) which has a simple pole at x and is elsewhere regular. Since E has rank two, for any linearly independent v, w ∈ E| x we have, up to a constant,
comes from Hwang-Ramanan [10, Proposition 3.2], which guarantees the vanishing of H 0 (X, ad E (D)) for certain effective divisors D.
Proofs of two lemmas
In this miscellaneous section, we provide proofs of two lemmas which were used in the previous sections. Both statements may look rather obvious, but we could not find shorter proofs than those given here. In this subsection, we prove the following.
For t = 0, each p i (t) is a general principal part of degree k i , and r i=1 p i (0) = p. Thus p is the limit of a sequence of general symmetric principal parts of degree r i=1 k i = d. Now we prove the claim. Since ψ k is symmetric, we may assume after a change of frame: ψ k = e 1 ⊗ e 1 + e 2 ⊗ e 2 + · · · + e s ⊗ e s for some s ≤ n. Now we make a change of local frame given by
Then it is straightforward to check that p is expressed as
where φ k , φ k−1 ∈ Sym 2 < e 2 , e 3 , · · · , e n > and
we make a change of local frame given by
Then we can check that p is expressed as
Continuing this process, we finally get an expression for p of the form
where q is a symmetric principal part expressed in e 2 , . . . , e n . Next we perform the same operation on q and e 2 . Continuing this process, finally we get an expression for p of the form 
Proof. The proof will be completed in three steps.
Step 1. Let F be a deformation of F given by a nonzero class δ ∈ H 1 (X, End(F )). For a given nonzero symmetric map α : F * → F , we want to know when there exists an extensioñ α : F * → F inducing the following commutative diagram:
We have induced maps
and α ♯ : H 1 (X, End(F )) → H 1 (X, Hom(F * , F )).
Note that the class of the dual deformation F * is given by − t δ ∈ H 1 (X, End(F * )). By straightforward computation, we can check that the maps α on the outer terms in the diagram (5.1) extend to a mapα : F * → F if and only if −α ♭ t δ = α ♯ δ in H 1 (X, Hom(F * , F )). Now since α is symmetric, we have
Thus we obtain:
Lemma 5.4. A nonzero symmetric map α : F * → F extends toα if and only if α ♯ δ belongs to the subspace H 1 (X, ∧ 2 F ) ⊆ H 1 (X, Hom(F * , F )).
Step 2. Rank 2 case: It suffices to consider the boundary case when deg F = g − 1. Let F be a general bundle in U (2, g − 1). Since ∧ 2 F = det F is general in Pic g−1 (X), we have H 0 (X, ∧ 2 F ) = 0. Thus it suffices to show the vanishing of H 0 (X, Sym 2 F ).
First we show that there is no nonzero map F * → F whose image is of rank 1: Since for some torsion sheaf τ of degree g − 1. By dimension counting, one can check that neither of these conditions is satisfied by a general F ∈ U (2, g − 1).
Next we show that if Sym 2 F has a nonzero section α, then it does not extend to every deformation of F . We have seen that α : F * → F must be generically surjective. Hence the induced cohomology map
is surjective. By the assumptions h 0 (X, Sym 2 F ) > 0 and χ(Sym 2 F ) = 0, we see that h 1 (X, Sym 2 F ) > 0. This implies that the image of α ♯ is not contained in H 1 (X, ∧ 2 F ). By Lemma 5.4, α does not extend toα for some deformation F of F . Therefore, H 0 (X, F ⊗ F ) vanishes for a general F ∈ U (2, g − 1).
Step 3. Induction for higher rank cases: Now we consider bundles of rank n ≥ 3. Firstly, suppose n is even. By semicontinuity, it suffices to find a bundle F 0 ∈ U (n, 1 2 n(g − 1)) such that H 0 (X, F 0 ⊗ F 0 ) = 0. We let F 0 = F 1 ⊕ F 2 where F 1 is general in U (2, g − 1) and F 2 is general in U (n − 2, 1 2 (n − 2)(g − 1)), so that F 0 is a polystable bundle of rank n and degree − 1) ). By the same argument as above, we see that h 0 (X, F 0 ⊗ F 0 ) = 0.
Finally suppose that n is odd and g is even. In this case, it suffices to find a bundle F 0 ∈ U (n, − 1) ). From the stability of F 1 and F 2 , it is easy to check that F 0 is also stable. Again by the same argument as above, we see that h 0 (X, F 0 ⊗ F 0 ) = 0. Proof. For a theta characteristic κ of X, we have
